Abstract: Highly coherent wave is favorable for applications in which phase retrieval is necessary, yet a high coherent wave is prone to encounter Rayleigh fading phenomenon as it passes through a medium of random scatters. As an exemplary case, phase-sensitive optical time-domain reflectometry (Φ-OTDR) utilizes coherent interference of backscattering light along a fiber to achieve ultra-sensitive acoustic sensing, but sensing locations with fading won't be functional. Apart from the sensing domain, fading is also ubiquitous in optical imaging and wireless telecommunication, therefore it is of great interest. In this paper, we theoretically describe and experimentally verify how the fading phenomena in one-dimension optical scatters will be suppressed with arbitrary number of independent probing channels. We initially theoretically explained why fading would cause severe noise in the demodulated phase of Φ-OTDR; then M-degree summation of incoherent scattered light-waves is studied for the purpose of eliminating fading. Finally, the gain of the retrieved phase signal-to-noise-ratio and its fluctuations were analytically derived and experimentally verified. This work provides a guideline for fading elimination in one-dimension optical scatters, and it also provides insight for optical imaging and wireless telecommunication.
Introduction
Fading is a ubiquitous phenomenon in the field of wireless telecommunication (three dimensions), optical imaging (two dimensions) and distributed optical fiber sensing (one dimension, 1-D). Fading phenomenon is characterized by a random attenuation of the signal. The signals may be reflected by various surfaces and reach the receiver via different paths. The received information is the sum of all the signals from varieties of paths. When they interfere with each other and out of phase, the fading phenomenon appeared. Such a phenomenon may lead to temporary failure of communication, deterioration of image quality and limitation of the sensor's credibility.
In order to comprehensively study fading phenomenon, reducing the dimension of the problem might be a wise way. The purpose of the optical imaging field is to obtain a speckle-free (non-fading-points) map with more emphasis on the intensity fluctuations [1] . However, after the promotion of Phase Shift Keying (PSK) schemes, the effect of fading points on the demodulated phase is also a significant problem. Phase-sensitive optical time-domain reflectometry (Φ-OTDR), which uses the randomly distributed Rayleigh scattering inside a fiber as the sensing mechanism, may be an ideal carrier [2] .
Φ-OTDR, using an optical fiber (1-D scatters) to obtain acoustic information, needs both intensity information and phase information. Due to the maturity of the high-quality fiber manufacture process, there is no strong reflection point inside the fiber and the scattering elements are frozen. Besides, the external environment is more controllable compared with wireless telecommunication. Each resolvable segment of the fiber contains large number of randomly distributed Rayleigh scatters, which sufficiently satisfies the central limit theorem. Thus, the Φ-OTDR system is suitable for theoretically analyzing high-dimensions fading phenomenon, such as the mode of tropospheric and ionospheric signal propagation as well as the effect of heavily built-up urban environments on radio signals [3] .
The fading phenomenon in Φ-OTDR comes from the randomly spatial non-uniform distribution of the refractive index [4] . Fading points (extremely low intensity backscattering points) are detrimental for obtaining acoustic information in Φ-OTDR system. Ref. [5] has explained that the signal-noise ratio (SNR) of acoustic detection depends on intensities of the sampled points. At the fading points, the intensity noise will bring intolerably large noise after phase demodulation. That paper also gives an analytical formula for the mean fluctuation of retrieved phase SN R φ . The fluctuation of SN R φ was characterized by the coefficient of variation (C V ), which is as high as 0.8944 for traditional single frequency Φ-OTDR [6] . A similar definition exists in the field of optical imaging, namely speckle contrast, but it is used to describe intensity fluctuation.
In order to reduce fading points, a straightforward thought is to add M statistically independent field components (M degrees of freedom), such as orthogonal frequency division multiplexing (OFDM) [7] used in wireless telecommunication, multi-mode incoherent light [8] used in optical imaging and inner-pulse frequency-division method [9] used in DOFS. For Φ-OTDR, Ref. [10] discussed the rationality of using multi-frequency to eliminate fading phenomenon. The condition for two probe signals to be statistically independent is that their frequencies differ by at least the inverse pulse duration [11] . Since the backscattering signals is complex, it is not advisable to directly aggregate different frequency backscattering signals on the intensity, which causes phase mix-up. Ref. [9] proposed rotated-vector-sum method to aggregate backscattering signals with four different frequencies, which is proved to be effective. Besides, the relationship between the number of aggregated frequencies and SN R φ of acoustic signal is shown in [12] . Based on the simulation results, the SN R φ enhancement factor is closed to √ M, which is similar to M averages on a single frequency intensity traces [13] . However, to the best of authors' knowledge, no one has theoretically studied the statistical regularity of SN R φ fluctuations after aggregating arbitrary degrees of freedom.
In this work, the fading problem in one dimension optical scatters has been studied in depth, using Φ-OTDR as the platform. Firstly, the effect of intensity noise on the demodulated phase is derived, which is a completely different approach compared with previous literatures and more rigorous. Moreover, we introduced an expression for the amplitude distribution after aggregating M degrees of freedom. Then the SN R φ gain and the level of SN R φ fluctuations were also derived, and the results were verified by the simulations and experiments.
The effect of intensity noise on the demodulated phase
For the typical Φ-OTDR system (single-carrier frequency, single-polarization pulses probing a single-mode fiber), the in-phase and quadrature outputs, i.e., i and q, can be represented by (1) [14] , which are asymptotically Gaussian distribution with zero mean and variance σ 2 without considering noise [15] .
In (1), t stands for the fast time axis, indirectly representing the position of the fiber; k stands for the slow time axis, indicating the changes of the information obtained at the same point after each pulse; ω s is the angular frequency of signals while ω LO is the angular frequency of local oscillator light; φ k,t is the phase changes caused by external acoustic signals; n i and n q represent uncorrelated Gaussian white noise with zero mean and the same variance σ 2 n . It should be noted that for conveniently exploring the phase noise caused by intensity noise on the phase demodulation process, only intensity noise is considered. A is the amplitude of backscattering signals. In a relatively short period of time, the amplitude ( A k,t t=t ) can be deemed as invariant [4] .
Therefore, at the slow time axis, n i and n q are two linear independent quantities, and the amplitude of backscattering signal is invariant. Two parameters x k,t and y k,t whose definition are n i /A (t ) and n q /A (t ), respectively, are introduced for simplification. x and y follow the two-dimensional Gaussian distribution with variance δ 2 (t ) = σ 2 n /A 2 (t ), and the joint probability density of them is
The intensity noise existed in i/q outputs can have impact on the demodulation phase signals, that is to say, the intensity noise transfers to phase noise after phase demodulation. The phase noise can be expressed as:
where
is the sum of a constant and the external acoustic signal. Using Jacobi determinant, Eq. (2) and (3) can be integrated into the probability density function (PDF) of phase noise, as shown in Eq. (4). When the normalized intensity noise δ 2 is small, the distribution of ∆ (k, t ) is concentrated near 0, i.e., sin∆ ∼ ∆ and cos ∆ ∼ 1.
It should be noted that, the phase noise obeys Gaussian distribution approximatively, so the variance of the phase noise transferred from the intensity noise is about δ 2 . In other words, in the case of low intensity noise, i.e., A 2 n 2 , the phase noise is inversely proportional to the intensity of backscattering signal. For low intensity signal comparing with noise, the linear relationship is not valid. However, it is certain that the extremely low intensity point will bring large phase noise and deteriorate the demodulated acoustic signal, which will cause the phenomenon of fading.
The statistical regularity of retrieved phase SN R φ

Theory
Due to the phase accumulation with the fiber length, it is necessary to use a differential process to obtain external acoustic signals. Therefore the SN R φ of acoustic signal is associated with backscatter power of two points for acquiring differential phase, which is given by [5] 
where σ 2 φ is the variance of acoustic signal. In order to intuitively express the process of fading point reduction, calculating the mean and variance of SN R φ is important, which depends on the amplitude distribution of two differential points.
Unlike intensity superposition [16] , the aggregation of complex signals is related to the signal angle. When the signal angles are all the same, the stacking gain is maximum, which is the same as the amplitude summation. The amplitude distribution for single pulse backscattering signals is Rayleigh distributed. A relatively simple and widely used small argument approximation for obtaining Rayleigh sum PDF was adopted in [17] . Although this approximation is not accurate enough, the error has little effect on subsequent calculations and the expression is concise. Approximate equation of the Rayleigh sum PDF is:
It is assumed that each signal has the same intensity, namely
Taking into account the intensity noise on each frequency trace, the intensity noise becomes σ 2 n, M = Mσ 2 n after overlapping M independent backscattering signals. Thus, the mean SN R φ can be numerically calculated as:
where SN R intensity ≡ σ 2 /σ 2 n is intensity SNR for single frequency backscattering signal and the K is the gain of SN R φ . However, the expression of gain K is very complicated with double factorial. In order to simplify the expression, StirlingâĂŹs approximation [18] is adopted, which is a good formula for accurately estimating factorials. The gain K can be approximated as:
where e is the mathematical constant. Notably, for larger value of M, gain K approaches to 3M/e ≈ 1.05 √ M. In order to reflect the effect of reducing fading, the level of SN R φ fluctuations can also be an important indicator. However, the statistical distribution of SN R φ is particularly wide, and it is unsuitable to use the variance to measure the SN R φ fluctuation. Using the C V to measure it may be more lucid, which can be expressed as
where σ SN R φ is the standard deviation of
where µ SN R 2 φ can be obtained with the same method as Eq. (7).
Experiments and simulations
The experiment setup shown in Fig. 1 is to verify the impact of aggregating M degrees of freedom on eliminating fading. An ultra-narrow linewidth laser with small phase noise is used, and the output is split into two branches by a 1/1 coupler, namely the signal branch and the local oscillator (LO) branch. The signal branch is modulated by an IQ modulator, generated frequency shift pulse with 100ns width. After amplified by EDFA, the pulse is injected into the sensing fiber through a circulator. A piezoelectric ceramic transducer (PZT) wrapped with 12.7 m fiber is inserted between the 800 m and 100m fiber sections, applied with 100 Hz sinusoidal perturbation. The Rayleigh scattering signal is injected into 2×2 coupler together with the LO. The outputs of 2×2 coupler are converted into electrical intensity signals by a 1.6 GHz balanced photo-detector (BPD), and then sampled by an oscilloscope (OSC) with 2 GS/s sampling rate. The initial frequency shift of the pulse is 500 MHz. After a round-trip time of the pulse in the fiber, another pulse with a larger frequency shift is applied, as shown in Fig. 1(b) . The frequency shift interval is 25 MHz to ensure that each group of trace statistically independent. There are 15 groups of pulses with different frequency shifting from 500 MHz to 850 MHz, and another round trip time is reserved for measure the intensity noise, during which the IQ modulator stays at the null point. This method helps detect the leakage of light from the IQ modulator and the noise contributed by the EDFA. From the experimental results, the main noise of the system comes from the detector and the local oscillator. The PDF and power spectral density (PSD) of the real part of the signal noise are shown in Fig. 2(a) and (b) , respectively. The probability distribution of noise is approximately Gaussian, and the gap in it is caused by insufficient vertical resolution of the oscilloscope. In addition, the PSD of the noise is flat, so it can be considered as Gaussian white noise. The PSD of measured noise coincides with the background noise of the signal PSD, which indicates that measuring intensity noise in this way is reasonable.
In order to effectively aggregate scattered signals with different carrier frequencies and verify the aforementioned theoretical results, phase alignment is required. We used rotated-vector-sum method to aggregate each backscattering signals and the normalized results of time-dependent optical backscattering signal was shown in Fig. 3 (right-hand side of each sub-figure) . As the number of superimposed frequencies increases, the intensity fluctuations gradually decrease, which can be characterized by the speckle contrast. The value of it from each σ I image was calculated as σ I / I , where is the standard deviation of the intensity and I is the mean intensity. After superimposing 15 degrees of freedom in Φ-OTDR, the speckle contrast decreased from 1.02 to 0.39 and the disturbed region is more and more distinguished. Besides, the amplitude distribution after aggregating is plotted in Fig. 3 (left-hand side of each sub-figure). The theoretical curve was based on Eq. (6). The value of σ 2 in it was taken from the experiment (σ 2 = 0.014076). In Fig.3 , experimental and theoretical results will have a few differences after aggregating more than 5 degrees of freedom. This can be attributed to the fact that the gain spectrum of detector is not flat, then the strength of each scattered signal will be slightly different, as a result the PDF of the amplitude gradually becomes broadened. Therefore, it can be expected that the value of experimental C V will be slightly higher than the theoretical value. To obtain the mean and the C V of SN R φ , the measurements were repeated over 20 times. The gauge length is set to be 40 m, which is much larger than the PZT disturbance length (12.7 m). This allows us to get more than a hundred sets of PZT disturbance signals after one measurement, which is conducive to statistic SN R φ . The distribution of SN R φ is plotted in Fig. 4 . The parameters in Eq. (7), obtained from experiments, are also listed inside the figure. As the degrees of freedom increases, the distribution of SN R φ became sharper and average SN R φ increased. A set of simulations is also used to verify the correctness of the theory. The fiber parameters are based on Ref. [19] . The scatters in the fiber are randomly distributed. The perturbation of the fiber is introduced by changing the separation among the affected scatters. Besides, the intensity noise is fixed in each simulation and is consistent with the SN R intensity in the experiment. For statistic study, the positions of the scattering elements are considered to be fixed in the same simulation, but they are completely different among the simulations. The illustration in Fig.  5(a) shows the results of mean value of SN R φ obtained by theory (blue), simulations (red) and experiments (yellow). Mean value of SN R φ from experiments are lower than the theory and simulation, which may come from the polarization effects and Hilbert transform error in this system. However, the experimental results of gain K at the low degrees of freedom (M ≤ 5) is closed to theoretical and emulational results (plotted in Fig. 5(a) ). The subsequent deviation of the gain K (when M > 5) is related to non-flat gain spectrum of the detector. In addition, the changes of C V value have been drawn in Fig. 5(b) . Since the scattering elements are completely different in each simulation but the intensity noise is fixed, it results in different SN R intensity in each simulation, which is more obvious in experiments. But the fluctuation range of the SN R intensity is only 0.5 dB in the experiments, which is much lower than the SN R φ fluctuation. Due to slight fluctuation of SN R intensity results the experimental and emulational C V value are slightly larger than the theoretical value, but the tendency is basically the same.
Conclusion
We studied the fading phenomenon in one-dimension optical scatters with statistical analysis. The reason of occurring fading phenomenon at low intensity point was mathematically explained. Moreover, the quantitative relationship between the degree of freedom and fading phenomenon was analyzed in detail. This work provides a lucid guideline for the choice of the degree of freedom to eliminate fading in 1-D optical scatters, which is crucial of fiber sensing based on Rayleigh scattering, and it would be also beneficial for optical imaging and wireless telecommunication domains.
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